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THE DEMAZURE SUBMODULE AND DIHEDRAL GROUPS
RAJ GANDHI
Abstract. In the present paper, we generalize the construction of the formal
affine Demazure algebra of Hoffnung, Malago´n-Lo´pez, Savage, and Zainoulline
to root systems of finite reflection groups, and we call the resulting object the
Demazure submodule. In particular, we show that the Demazure submodule
of root systems corresponding to dihedral groups satisfies a braid relation
similar to the braid relation satisfied by the formal affine Demazure algebra,
of crystallographic root systems, and we compute four structure coefficients
appearing in this braid relation. We also compute all coefficients of this braid
relation for the root systems corresponding to dihedral groups I2(5) and I2(7).
1. Introduction
In [KK86] and [KK90], Kostant-Kumar described the equivariant cohomology of
flag varieties using the techniques of nil-Hecke and 0-Hecke algebras. These alge-
bras are generated by Demazure operators, which satisfy a braid relation. This ap-
proach was generalized by Calme`s, Hoffnung, Malago´n-Lo´pez, Savage, Zainoulline
and Zhong in a series of papers, [HMLSZ14], [CZZ16],[CZZ18], [CZZ15], to an ar-
bitrary algebraic oriented cohomology theory, corresponding to a one-dimensional
commutative formal group law F, of a finite crystallographic root system. In partic-
ular, they constructed the formal affine Demazure algebra, DF , which is generated
by Demazure elements that satisfy a twisted braid relation (see [HMLSZ14, Prop.
6.8]). After specializing F to the additive and multiplicative formal group laws,
DF equals the nil-Hecke and 0-Hecke algebra, respectively.
In the present paper, we extend the formal affine Demazure algebra, DF , of
[HMLSZ14] to root systems corresponding to finite reflection groups and call the
resulting object the Demazure submodule D. We then show in Lemma 5.1 that the
submodule D also satisfies the twisted braid relation for root systems corresponding
to dihedral groups. In our main result, Theorem 5.7, we compute several struc-
ture coefficients of this braid relation. In particular, we compute all coefficients
of this braid relation for the root systems corresponding to the dihedral groups
I2(5) and I2(7) in Example 6.3 and Example 6.4, respectively. Note that similar
coefficients appear in [HMLSZ14, Prop. 6.8] and implicitly in [GR13, Section 8]
for crystallographic root systems, but general formulas for these coefficients have
so far remained unknown in the literature.
This paper is organized as follows. In Section 2, we review some facts about the
root lattice and give examples of various formal group laws. In Section 3, we give the
definition and describe some basic properties of the localized twisted root algebra.
We also define the Demazure submodule, our main object of study. In Section 4,
we describe some basic relations between Demazure elements. In Section 5, we
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2show that the Demazure submodule for root systems corresponding to dihedral
groups satisfies a braid relation similar to the one satisfied by the formal affine
Demazure algebra, of crystallographic root systems, and we find formulas for four
structure coefficients appearing in this braid relation for root systems corresponding
to dihedral groups. In Section 6, we specialize some coefficients derived in Section 5
to various formal groups laws, and we compute all structure coefficients for the
Demazure submodules of the root systems corresponding to the dihedral groups
I2(5) and I2(7). In Section 7, we provide some computations of products of up to
seven Demazure elements for all finite root systems.
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question (about structure coefficients for dihedral groups) as well as for his com-
ments and guidance. This project was partially supported by an Undergradu-
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2. Root algebra
In the present section, we review some facts about the root lattice and give
examples of various formal group laws.
Let Σ be a root system of a finite reflection group W . Let R be an integral
domain with 2 invertible in R. Let F be a formal group law over R (sometimes we
write (R,F ) instead of F to specify the ring R). Let Λ = ⊕α∈ΣZα be a Z-linear
lattice spanned by all roots α ∈ Σ. Let S be the formal group algebra associated
to the lattice Λ and the formal group law F (see [HMLSZ14, Def. 3.1]), i.e.,
S = R[[xλ]]λ∈Λ/(x0 = 0, xλ+µ = xλ +F xµ).
The group W acts on Λ by permuting roots Σ and, hence, it acts on the algebra S
by
w(xα) = xw(α), α ∈ Σ and w ∈ W.
We call S the root algebra associated to Σ and F .
Example 2.1. ([LM07, Example 1.1.4]) For x +F y = x + y (the additive formal
group law), R = Z and S is the polynomial ring in independent variables α ∈ Σ
(here we identify xα with α).
Example 2.2. (see [LM07, Example 1.1.5]) For x +F y = x + y − βxy (the mul-
tiplicative formal group law), R = Z[β] (a polynomial ring in one variable) and S
can be identified with the so called Rees ring.
For F ′ = F ⊗Z[β]Z[β
±1] (the multiplicative periodic f.g.l.), i.e., F localized at β,
the formal group algebra S is simply the group ring
R[Λ] = {
∑
i
aie
λi | ai ∈ R, λi ∈ Λ}.
The identification is given by xλ = β
−1(1− e−λ). The variable β is called the Bott
element.
Example 2.3. (see [LM07, Section 1.1]) For the universal formal group law x+F
y = x + y +
∑
i,j>0 aijx
iyj, R = Z[aij ]i,j/(∼) is the Lazard ring (the coefficient
ring of the complex oriented cobordism ring).
3The root algebra S has the following geometric meaning. If Σ is a crystallo-
graphic root system, there is a surjective group homomorphism Λ → Λr to the
(root) lattice generated by simple roots. It induces the surjective map S → Sr,
where Sr is the formal group algebra for Λr. Hence, we obtain a surjection
S → hT (pt),
where hT (pt) is the T -equivariant oriented cohomology of a point associated to the
formal group law F . In other words, hT (pt) is the quotient of S modulo the root
relations in Λ.
3. The localized twisted root algebra
In the present section, we define the localized twisted root algebra and describe
some of its basic properties. We also define the Demazure submodule, our main
object of study.
Following [HMLSZ14, Def. 6.1], we define an R-algebra SW and its localization
QW as the smash products S#RR[W ] and Q#RR[W ], respectively, where Q =
S[ 1
xα
]α∈Σ is the localization at all roots α ∈ Σ. Observe that the multiplication in
QW is determined by the relation
w(q)δw = δwq, w ∈W, q ∈ Q.
We call SW the twisted root algebra and Q the localized twisted root algebra. Let
{δw}w∈W denote the canonical basis of the group ring R[W ] and, hence, of SW and
of QW as S- and Q-modules respectively.
Consider the left S-submodule D of QW spanned by products of elements
Xα =
1
xα
(1− δsα) for all α ∈ Σ
(here δα = δsα and sα ∈ W denote a reflection along α). Following [HMLSZ14,
Def. 6.2], we call elements Xα the Demazure elements and we call D the Demazure
submodule. Note that the formal affine Demazure algebra DF of [HMLSZ14] is
a right S−module (specialized to crystallographic root systems), while D is a left
S−module.
Let I = (α1, α2, . . . , αr) be a finite sequence of roots, and let XI denote the
product Xα1Xα2 . . .Xαr in QW . By definition any element Z ∈ D can be written
as a finite linear combination
Z =
∑
I
pIXI , pI ∈ S.
Observe that {XI}I does not necessarily form a basis of D.
Lemma 3.1. (see [HMLSZ14, Lemma 6.5]) We have the following commuting
relation in QW ,
Xαq = sα(q)Xα +∆α(q),
where q ∈ Q and ∆α(q) =
q−sα(q)
xα
∈ Q.
Proof. We have
Xαq =
1
xα
(1− δsα)q =
1
xα
(q − sα(q)δsα)
= (
sα(q)
xα
−
sα(q)
xα
δsα) + (
q
xα
−
sα(q)
xα
) = sα(q)Xα +∆α(q).

4Remark 3.2. (see [CZZ16, §4]) If Σ is crystallographic, then ∆α(q) ∈ S. Therefore,
the left S-submodule D turns into a subring of QW . However, in general, we only
know that ∆α(q) ∈ Q.
Lemma 3.3. (cf. [CZZ18]) We have δwXαδw−1 = Xw(α) in QW for any w ∈ W
and α ∈ Σ.
In particular, any Xα is a conjugate of some Xβ, where β is a simple root in Σ.
Proof. Observing that wsαw
−1 = sw(α), we have
δwXαδw−1 = δw(
1
xα
(1− δsα))δw−1
=
1
xw(α)
(δwδw−1 − δwδsαδw−1) =
1
xw(α)
(1− δsw(α)) = Xw(α).
Since each α ∈ Σ is conjugate to a simple root β ∈ Σ by applying some reflection,
the latter follows. 
The groupW acts by conjugation on the ring QW , i.e., for w ∈W and qδv ∈ QW
we have
w(qδv) = δw(qδv)δw−1 = w(q)δwvw−1 .
By definition this is an action by means of R-algebra automorphisms but it is not
Q-linear. According to Lemma 3.3 it restricts to an action of W on D, and is given
by
w(pXα) = w(p)Xw(α), w ∈W, p ∈ S.
4. Products of Demazure elements
In the present section we describe S- and Q-linear relations between products
of Demazure elements XI . We do this as we want to find an S-basis of D (among
XI ’s). A key point is to show that all structure coefficients of the relations are in S.
Lemma 4.1. (a) (see [HMLSZ14, page 12]) For any α ∈ Σ we have
X2α = καXα, where κα = yα + sα(yα), yα =
1
xα
.
(b) (see [HMLSZ14]) The multiple κα belongs to S for any F , hence, it gives a
relation in D.
Proof. (a) By definition of Xα we obtain
X2α = yα(1− δα)yα(1− δα)
= yα(yα + sα(yα)− (yα + sα(yα))δα)
= καyα(1− δα).
(b) Relations in S imply that
0 = x0 = xα+sα(α) = xα +F xsα(α)
= xα + sα(xα) +
∑
i,j>0
aijx
i
αsα(xα)
j
= xα + sα(xα) + xαsα(xα)
∑
i,j≥0
aijx
i
αsα(xα)
j .
5Hence, 0 = xα + sα(xα)− xαsα(xα)G(α, sα(α)), where
G(α, sα(α)) = −
∑
i,j≥0
aijx
i
αsα(xα)
j ∈ S.
But at the same time
G(α, sα(α)) =
xα + sα(xα)
xαsα(xα)
=
1
xα
+ sα(
1
xα
) = κα. 
Lemma 4.2. (see [HMLSZ14, Prop. 6.8 (a)]) Suppose (sαsβ)
2 = 1 or, equivalently,
sα(β) = β and sβ(α) = α.
Then there is a relation XαXβ = XβXα in D.
Proof. We have
XαXβ = (yα − yαδα)(yβ − yβδβ) = yαyβ(1− δβ) + yαsα(yβ)(δαβ − δα).
Since sα(β) = β and sβ(α) = α, we get XαXβ −XβXα = 0. 
Lemma 4.3. Suppose (sαsβ)
3 = 1 (which corresponds to a simply-laced case).
Then we have
(a) (see [HMLSZ14, Prop. 6.8 (b)]) XαXβXα−XβXαXβ = κα,βXβ−κβ,αXα,
where
κα,β = yαsβ(yα)− [yαyβ + sβ(yαyβ)],
(b) (see [HMLSZ14]) κα,β ∈ S for any F , hence, it gives a relation in D.
Proof. Since (sαsβ)
3 = 1, sα(β) = α + β = sβ(α). It is easy to see then that
XαXβXα −XβXαXβ = κα,βXβ − κβ,αXα for some coefficients κα,β ∈ Q. We now
find these coefficients.
Since Xγ = yγ−yγδγ , the coefficient atXγ is the same as at −yγδγ . By definition
we have
Xαβα = XαXβXα = (yα − yαδα)(yβ − yβδβ)(yα − yαδα).
The coefficient at −yβδβ is yαsβ(yα). The coefficient at −yαδα is yαyβ + sα(yαyβ).
Taking the difference we obtain the formula for κα,β .
(b) The formal group law relation in S leads to
sβ(xα) = xα +F xβ = xα + xβ − xαxβG(α, β).
Hence,
xα + xβ − sβ(xα)
xαxβ
= G(α, β) ∈ S
and
G(α, β) −G(sβ(β), β) ∈ xsβ(α)S.
But κα,β = (G(α, β) −G(sβ(β), β))/xsβ (α). 
65. Relations for dihedral groups
In the present section, we show that the Demazure submodule for root sys-
tems corresponding to dihedral groups satisfies a braid relation similar to the braid
relation satisfied by the formal affine Demazure algebra, of crystallographic root
systems (see [HMLSZ14, Prop. 6.8]), and we compute formulas of four structure
coefficients appearing in this braid relation for root systems corresponding to dihe-
dral groups.
Consider the dihedral group I2(m), m ≥ 3. In this case m is the number of
positive roots and |Σ| = 2m. See [Hum90, page 4] for further discussion of I2(m).
Let {α, β} be simple roots. The longest element can be written as
w0 = sαsβsα . . . = sβsαsβ . . . (products of m simple reflections),
and the product of all positive roots is Σ+. We use the following notation for
products of i Demazure elements and i δ’s,
X iα... = XαXβXα · · ·︸ ︷︷ ︸
i
, X iβ... = XβXαXβ · · ·︸ ︷︷ ︸
i
,
δiα = δαδβδα · · ·︸ ︷︷ ︸
i
, δiβ... = δβδαδβ · · ·︸ ︷︷ ︸
i
.
Lemma 5.1. (cf. [HMLSZ14, Prop. 6.8]) The difference Xmα...−X
m
β..., m ≥ 3, can
be written as a linear combination
(1) Xmα... −X
m
β... =
m−2∑
i=1
(
κiαX
i
α... − κ
i
βX
i
β...
)
, κiα, κ
i
β ∈ Q.
Proof. In the expansion of the product
(2) Xmα... = XαXβXα · · ·︸ ︷︷ ︸
m
= (yα − yαδα)(yβ − yβδβ)(yα − yαδα) · · ·︸ ︷︷ ︸
m
.
the coefficient at δw0 = δ
m
α... = δ
m
β... equals the product of all positive roots,
±yαsα(yβ) · · · s
m−1
α... (yβ) = ±
∏
α∈Σ+
yα = ±yΣ+ , with the sign depending on the
parity of m. Hence in the difference, the δw0-term equals
±yΣ+δ
m
α... − (±yΣ+δ
m
β...) = 0.
So κmα = κ
m
β = 0.
Now suppose m is odd. To obtain a δm−1α... -term in the product (2) we have to
choose δ-terms in all factors except of one Xβ where we have to choose the constant
term. Moreover, such Xβ can be only taken from the very end of (2) (otherwise two
δα’s will cancel and give a word of length m− 3). Hence, the δ
m−1
α... -term becomes
(yαδα)(yβδβ) · · · (yβδβ)yα = yΣ+δ
m−1
α... .
Similarly, the δm−1β... -term in (2) becomes
yα(yβδβ)(yαδα) · · · (yαδα) = cδ
m−1
β... ,
where yα
sα(yα)
δαcδ
m−1
β... = yΣ+δ
m
α.... The latter gives sα(c) =
sα(yα)
yα
yΣ+ which implies
that
c = yα
sα(yα)
sα(yΣ+).
7Since sα(Σ
+) ∩ Σ− = {sα(α)}, we obtain c = yΣ+ . Therefore, in the difference all
terms of length (m − 1) will cancel each other. So κm−1α = κ
m−1
β = 0. The case
where m is even is similar.
Now we consider the constant terms. There is a natural action of QW on Q,
where R[W ] acts under the action of the dihedral groupW on Q. That is, Xα(q) =
∆α(q) = 0 and Xβ(q) = ∆β(q) = 0 for q ∈ Q. Therefore, the constant term on the
right side of Eq. (1) is zero. 
Definition 5.2. Let i ≥ 1 and m ≥ 3. Then set
Γi =
{
β, i even,
α, i odd,
, ωi =
{
α, i even,
β, i odd
.
The following corollary uses Lemma 5.1.
Corollary 5.3. Let I2(m) be a dihedral group for m ≥ 3. Then κ
1
β , . . . , κ
m−2
β and
κ1α, . . . , κ
m−2
α of Lemma 5.1 satisfy
Xmα... =

m−2∑
i=1
(−1)m−iκiωiX
i
ωi...
+ yΣ+(δ
m
α +
m−1∑
i=1
(−1)i(δm−iα... + δ
m−i
β... ) + 1), m even,
m−2∑
i=1
(−1)m−iκiΓiX
i
Γi...
− yΣ+(δ
m
α +
m−1∑
i=1
(−1)i(δm−iα... + δ
m−i
β... )− 1), m odd,
Xmβ... =

m−2∑
i=1
(−1)m−iκiΓiX
i
Γi...
+ yΣ+(δ
m
β... +
m−1∑
i=1
(−1)i(δm−iα... + δ
m−i
β... ) + 1), m even,
m−2∑
i=1
(−1)m−iκiωiX
i
ωi...
− yΣ+(δ
m
β... +
m−1∑
i=1
(−1)i(δm−iα... + δ
m−i
β... )− 1), m odd.
Proof. We prove the corollary when m is odd, since the case when m is even is
similar. There must exist coefficients c1,j , c
i
α,j , and c
i
β,j, i = 1, . . . ,m, j = 1, 2,
that satisfy
Xmα... =
m−2∑
i=1
(−1)m−iκiΓiX
i
Γi... + c
m
α,1δ
m
α... + c
m
β,1δ
m
β...(3)
+ cm−1α,1 δ
m−1
α... + c
m−1
β,1 δ
m−1
β... + · · ·+ c
1
α,1δα + c
1
β,1δβ + c1,11,
Xmβ... =
m−2∑
i=1
(−1)m−iκiωiX
i
ωi...
+ cmα,2δ
m
α... + c
m
β,2δ
m
β...(4)
+ cm−1α,2 δ
m−1
α... + c
m−1
β,2 δ
m−1
β... + · · ·+ c
1
α,2δα + c
1
β,2δβ + c1,21.
Using Lemma 5.1, all isolated δ’s cancel in Xmα... −X
m
β.... Therefore,
(5) c1,1 = c1,2, c
i
β,1 = c
i
β,2, and c
i
α,1 = c
i
α,2, i = 1, . . . ,m.
Now, following the proof of Lemma 5.1, for j = 1, 2 the coefficients
cmα,1 = c
m
β,2 = −yΣ+ , c
m−1
β,j = c
m−1
α,j = yΣ+ , c
m
α,2 = c
m
β,1 = 0.
8Furthermore, forXmα...,m ≥ 3, the coefficient of δ
m
α... equals the coefficient of −δ
m−1
α... ,
the coefficient of δm−1β... equals the coefficient of −δ
m−2
β... , and so on. This follows from
the fact that Xα = yα(1− δα). Switching α with β gives a similar result for X
m
β...,
m ≥ 3. Therefore,
cm−2β,1 = −c
m−1
β,1 = −yΣ+ , and c
m−2
α,2 = −c
m−1
α,2 = −yΣ+ .
From Eq. (5), we also have that
cm−3α,1 = −c
m−2
α,1 = −c
m−2
α,2 = yΣ+ , and
cm−3β,2 = −c
m−2
β,2 = −c
m−2
β,1 = yΣ+ .
Inductively, we obtain the coefficients that satisfy the formulas appearing in Corol-
lary 5.3. 
Definition 5.4. Let m ≥ 3. Define the following notation for i = 1, . . . ,m− 2:
υiα =
m−i−1∏
j=0
sjα(yωj ) , υ
i
β =
m−i−1∏
j=0
sjβ(yΓj ).
For j > i ≥ 0, define the operators S
(i,j)
β :=
j∑
i
siβ... and S
(i,j)
α :=
j∑
i
siα....
Lemma 5.5. Let I2(m) be a dihedral group for m ≥ 3. Then the coefficient of
Xmα... at δ
m−2
α... is
c1α,β =
{
υ2αS
(0,m−2)
α (yαyβ), m even,
−υ2αS
(0,m−2)
α (yαyβ), m odd.
The coefficient of Xmβ... at δ
m−2
β... , denoted c
1
β,α, is obtained from c
1
α,β by switching α
and β.
Proof. We prove the lemma whenm is odd, since the case when m is even is similar.
The δm−2α... -term of X
m
α... is obtained by choosing all δ-terms except of two adjacent
XαXβ or XβXα, where one chooses constant terms (if one doesn’t take adjacent,
then there is cancellation of δ’s). So we obtain m− 1 summands,
c1α,βδ
m−2
α... =− (yα)(yβ)(yαδα)(yβδβ) · · · (yβδβ)(yαδα)
− (yαδα)(yβ)(yα)(yβδβ) · · · (yβδβ)(yαδα)
− (yαδα)(yβδβ)(yα)(yβ) · · · (yβδβ)(yαδα)
...
− (yαδα)(yβδβ)(yαδα)(yβδβ) · · · (yβ)(yα).
9We may simplify the expression of each summand of c1α,βδ
m−2
α... . Let i = 0, . . . ,m−2.
Then the (i + 1)st summand can be rewritten as follows:
− (yαδα)(yβδβ)(yαδα) · · · (yΓiδΓi)︸ ︷︷ ︸
i
(yωi)(yΓi)(yωiδωi) . . . (yβδβ)(yαδα)
=− yαsα(yβ)sαsβ(yα) · · · s
i−1
α... (yΓi)s
i
α...(yωiyΓi)δ
i
α...(yωiδωi) · · · (yβδβ)(yαδα)
=− siα...(yωiyΓi) (yαδα)(yβδβ)(yαδα) · · · (yβδβ)(yαδα)︸ ︷︷ ︸
m−2
=− siα...(yωiyΓi)yαsα(yβ)sαsβ(yα) · · · s
m−3
α... (yα)δ
m−2
α...
=− siα...(yωiyΓi)υ
2
αδ
m−2
α... .
Note that we can replace siα...(yωiyΓi) by s
i
α...(yαyβ). Combining these summands,
we obtain the formula for the coefficient c1α,β that appears in Lemma 5.5. 
Lemma 5.6. Let I2(m) be a dihedral group for m ≥ 3. Then the coefficient of
Xmα... at δ
m−3
β... is
c2β,α =
{
−yαυ
3
β{S
(0,m−3)
β (yαyβ) + sα(yαyβ)}, m even,
yαυ
3
β{S
(0,m−3)
β (yαyβ) + sα(yαyβ)}, m odd.
The coefficient of Xmβ... at δ
m−3
α... , denoted c
2
α,β, is obtained from c
2
β,α by switchng α
and β.
Proof. We prove the lemma whenm is odd, since the case when m is even is similar.
The δm−3β... -term of X
m
α... is obtained by choosing all δ-terms after the first δ except of
two adjacentXαXβ orXβXα, where one chooses constant terms (if one doesn’t take
adjacent, then there is cancellation of δ’s; if one chooses the first δ, the product
of δ’s may begin with δα), plus one additional summand. So we obtain m − 1
summands, where the additional summand comes from taking the first δ-term, the
second constant term, followed by the remaining (m− 2) δ terms (so that the first
and third δ-terms will cancel),
c2β,αδ
m−3
β... =(yαδα)(yβ)(yαδα)(yβδβ) · · · (yβδβ)(yαδα)
(yα)(yβ)(yα)(yβδβ) · · · (yβδβ)(yαδα)
(yα)(yβδβ)(yα)(yβ) · · · (yβδβ)(yαδα)
...
(yα)(yβδβ)(yαδβ) · · · (yαδα)(yβ)(yα).
We may simplify the expression of each summand of c2β,αδ
m−3
β... . The formula of the
first summand differs from the general formulas of the other summands, so we will
simplify it separately:
10
(yαδα)(yβ)(yαδα) · · · (yαδα)(yβδβ)(yαδα)
=yαsα(yαyβ) (yβδβ) · · · (yαδα)(yβδβ)(yαδα)︸ ︷︷ ︸
m−3
=yαsα(yαyβ)yβsβ(yα) · · · s
(m−4)
β... (yα)δ
m−3
β...
=yαsα(yαyβ)υ
3
βδ
m−3
β... .
Now, let i = 0, . . . ,m− 3. Using the method of proof of Lemma 5.5, the (i + 2)nd
summand can be rewritten as follows:
yαs
i
β...(yαyβ)υ
3
βδ
m−3
β... .
Combining these summands, we obtain the general formula for the coefficient c2β,α
that appears in Lemma 5.6. 
Theorem 5.7. Let I2(m) be a dihedral group for m ≥ 3. The following are explicit
formulas for κm−2α and κ
m−2
β :
κm−2β =
{
S
(0,m−2)
β (yαyβ)− yαs
m−2
β... (yβ), m even,
S
(0,m−2)
β (yαyβ)− yαs
m−2
β... (yα), m odd,
and κm−2α is obtained from κ
m−2
β by switching α and β.
Let I2(m) be a dihedral group for m ≥ 4. The following are explicit formulas for
κm−3α and κ
m−3
β :
κm−3α =


−yβ{sα(yαyβ) + [S
(2,m−3)
α − S
(2,m−3)
β ](yαyβ)
−sm−2β... (yαyβ) + yαs
m−2
β... (yβ)− s
m−3
α... (yβ)s
m−2
α... (yα)}, m even,
−yβ{sα(yαyβ) + [S
(2,m−3)
α − S
(2,m−3)
β ](yαyβ)
−sm−2β... (yαyβ) + yαs
m−2
β... (yα)− s
m−3
α... (yα)s
m−2
α... (yβ)}, m odd,
and κm−3β is obtained from κ
m−3
α by switching α and β.
Proof. The method of deriving the coefficients κm−2β and κ
m−2
α is the same as
the method of deriving the coefficients κm−3β and κ
m−3
α , however the proof of the
formulas of κm−2β and κ
m−2
α is much simpler. Therefore, we will omit the proofs of
the formulas of κm−2β and κ
m−2
α .
Using the proof of Lemma 5.1, after replacing m with m − 2, we see that the
coefficient of Xm−2β... at δ
m−3
α... is
dα,β =
{
−yβυ
3
α, m even,
yβυ
3
α, m odd.
Again, using the proof of Lemma 5.1, after replacing m with m− 2, we see that the
coefficient of Xm−3α... at δ
m−3
α... is
eα,β =
{
−υ3α, m even,
υ3α, m odd.
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In Lemma 5.6, we found the coefficients of Xmβ... at δ
m−3
α... , denoted c
2
α,β . Therefore,
using Corollary 5.3, we get the following:
Xmβ... =

(κm−2β X
m−2
β − κ
m−3
α X
m−3
α + · · · ) + yΣ+(−δ
m−3
α... + · · · ), m even,
(κm−2β X
m−2
β − κ
m−3
α X
m−3
α + · · · ) + yΣ+(δ
m−3
α... + · · · ), m odd,
where
κm−3α =
{
− 1
eα,β
(c2α,β − κ
m−2
β dα,β + yΣ+), m even
− 1
eα,β
(c2α,β − κ
m−2
β dα,β − yΣ+), m odd.
We use the fact that sm−1α... (yβ) = yβ when m is even, and s
m−1
α... (yα) = yβ when m
is odd to obtain the formula of κm−3α that appears in the theorem statement. The
coefficient κm−3β is obtained from κ
m−3
α by switching α and β. 
Remark 5.8. We do not know whether the coefficients κm−2α , κ
m−3
α , κ
m−2
β , and
κm−3β lie in S. We only know that they lie in Q.
6. Applications
In the present section, we specialize the structure coefficients derived in Section 5
to various formal group laws. We also find all structure coefficients in the braid
relation between Demazure elements for the root systems corresponding to the
dihedral groups I2(5) and I2(7). We will use the following lemma in Example 6.2.
Lemma 6.1. Let I2(m) be a dihedral group for m ≥ 3, and assume that m is odd.
Let i = 1, . . . ,m− 1. If i is odd, we have siα...(β) = s
m−i−1
β... (α), and if i is even, we
have siα...(α) = s
m−i−1
β... (β).
Proof. It is well-known that smα...(β) = −α when m is odd. Applying compositions
of sα and sβ to both sides of this equation to reduce the length of s
m
α... gives the
desired equations. 
Example 6.2. Let I2(m) be a dihedral group for m ≥ 3, and suppose that m
is odd. Let (R,F ) be any formal group law such that the formal inverse of yα,
α ∈ Φ, is (p − yα) for some p ∈ R. This includes the additive (take p = 0) and
multiplicative (take p ∈ R \ {0}) formal group laws. We show that under these
conditions, the universal coefficients of Theorem 5.7 satisfy
(a) κm−2α = κ
m−2
β , and
(b) κm−3α = κ
m−3
β = 0.
(a) Using the formulas of κm−2α and κ
m−2
β obtained in Theorem 5.7 and the
substitution y−α = (p− yα), we can write
κm−2β = yαyβ + {[p− yβ]sβ(yα) + [p− sβ(yα)]sβsα(yβ)} + · · ·
+ {[p− sm−4β... (yα)]s
m−3
β... (yβ) + [p− s
m−3
β... (yβ)]s
m−2
β... (yα)}
− yαs
m−2
β... (yα), and
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κm−2α = yαyβ + {[p− yα]sα(yβ) + [p− sα(yβ)]sαsβ(yα)}+ · · ·
+ {[p− sm−4α... (yβ)]s
m−3
α... (yα) + [p− s
m−3
α... (yα)]s
m−2
α... (yβ)}
− yβs
m−2
α... (yβ).
Due to Lemma 6.1, all terms of κm−2β and κ
m−3
α are equal, since
yαsα(yβ) = yαs
m−2
β... (yα) and yβsβ(yα) = yβs
m−2
α... (yβ),
psiα...(yβ) = ps
m−i−1
β... (yα), i = 1, 3, 5, . . . ,m− 2,(6)
psiα...(yα) = ps
m−i−1
β... (yβ), i = 2, 4, . . . ,m− 3,(7)
siα...(yα)s
i+1
α...(yβ) = s
m−i−1
β... (yβ)s
m−i−2
β... (yα), i = 2, 4, . . . ,m− 3, and(8)
siα...(yβ)s
i+1
α...(yα) = s
m−i−1
β... (yα)s
m−i−2
β... (yβ), i = 1, 3, 5, . . . ,m− 4.(9)
This shows that κm−2α = κ
m−2
β .
(b) Using the formulas of κm−3α and κ
m−3
β obtained in Theorem 5.7 and the substi-
tution y−α = (p− yα), we can write
−
κm−3α
yβ
=[p− yα]sα(yβ) + {[p− sα(yβ)]sαsβ(yα)− [p− sβ(yα)]sβsα(yβ)}+ · · ·
+ {[p− sm−4α... (yβ)]s
m−3
α... (yα)− [p− s
m−4
β... (yα)]s
m−3
β... (yβ)}
− [p− sm−3β... (yβ)]s
m−2
β... (yα) + yαs
m−2
β... (yα)− s
m−3
α... (yα)s
m−2
α... (yβ).
Due to Lemma 6.1, we see that all terms of κm−3β cancel, using Eqs. (6) to (9) and
the relations
yαsα(yβ) = yαs
m−2
β... (yα), and
psm−2β... (yα) = psα(yβ).
This shows that κm−3β = 0. Switching α and β gives κ
m−3
α = 0.
Example 6.3. Consider I2(5). We have the following explicit formulas for κ
1
β , ..., κ
3
β
and κ1α, ..., κ
3
α.
κ3β =S
(0,3)
β (yαyβ)− yαsβsαsβ(yα)
κ2α = − yβ{sα(yαyβ) + sαsβ(yαyβ)− sβsα(yαyβ)− sβsαsβ(yαyβ)
+ yαsβsαsβ(yα)− sαsβ(yα)sαsβsα(yβ)}
κ1β = − sβ(yαyβ)sβsαsβ(yα){sβsαsβ(yβ)− yα} − yαyβsαsβ(yα){sαsβ(yβ)
− sαsβsα(yβ)} − yαsβ(yα)sβsα(yβ)sβsαsβ(yα).
The formulas for the remaining coefficients are obtained by switching α and β in
the coefficients above, respectively. We use results proven in Section 5 to justify
these formulas of the coefficients.
The formulas of κ2β and κ
3
β follow from Theorem 5.7. Now we will find κ
1
β. In
Calculation 7.1, we have computed the products of up to seven Demazure elements.
We use these expressions, together with the coefficients κ2α and κ
3
β that we already
know, to determine κ1β by subtracting κ
3
βXβXαXβ − κ
2
αXαXβ + yΣ+(1− δβ) from
X5β... and using Corollary 5.3.
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The coefficient of X5β... at (1− δβ) can be written as
+ yβ{[S
(0,1)
β (yαyβ)]
2 + sβ(yαyβ)sβsα(yαyβ)}
+ yαy
2
βsα(yαyβ).
The coefficient of κ3βXβXαXβ at (1− δβ) can be written as
+ yβ{[S
(0,1)
β (yαyβ)]
2 + sβ(yαyβ)sβsα(yαyβ)}
+ yαy
2
β{S
(2,3)
β (yαyβ)− yαsβsαsβ(yα)}
+ yβsβ(yαyβ){sβsαsβ(yαyβ)− yαsβsαsβ(yα)}.
The coefficient of −κ2αXαXβ at (1− δβ) can be written as
+ yαy
2
βsα(yαyβ)
− yαy
2
β{S
(2,3)
β (yαyβ)− yαsβsαsβ(yα)}
+ yαy
2
β{sαsβ(yαyβ)− sαsβ(yα)sαsβsα(yβ)}.
After cancellations, the coefficient of X5β... − κ
3
βXβXαXβ + κ
2
αXαXβ at (1− δβ) is
− yβ{sβ(yαyβ)[sβsαsβ(yαyβ)− yαsβsαsβ(yα)] + yαyβ [sαsβ(yαyβ)
− sαsβ(yα)sαsβsα(yβ)]}.
The coefficient of Xβ at (1− δβ) is yβ . Using Lemma 6.1, we know yα = s
4
β...(yβ),
and it is well-known that yΣ+ = yβsβ(yα)sβsα(yβ)sβsαsβ(yα)s
4
β...(yβ). Therefore,
by Corollary 5.3, the coefficient at Xβ is κ
1
β .
Example 6.4. Consider I2(7). We have the following explicit formuals for κ
1
β , ..., κ
5
β
and κ1α, ..., κ
5
α.
k5β =S
(0,5)
β (yαyβ)− yαs
5
β...(yα)
k4α =− yβ{sα(yαyβ) + [S
(2,4)
α − S
(2,4)
β ](yαyβ)− s
5
β...(yαyβ) + yαs
5
β...(yα)
− s4α...(yα)s
5
α...(yβ)}
k3β =− S
(1,3)
β (yαyβ)[s
5
β...(yαyβ)− yαs
5
β...(yα)]− S
(1,2)
β (yαyβ)[s
4
β...(yβyβ)]
− sβ(yαyβ)sβsαsβ(yαyβ)− yαyβ [S
(2,4)
α (yαyβ)− s
4
α...(yα)s
5
α...(yβ)]
− yαsβsαsβ(yα)s
4
β...(yβ)s
5
β...(yα)
k2α =− yβ{−sα(yαyβ)[S
(3,4)
α (yαyβ)− s
4
α...(yα)s
5
α...(yβ)]
− sαsβ(yαyβ)[s
4
α...(yαyβ)− s
4
α...(yα)s
5
α...(yβ)] + sβsα(yαyβ)[S
(4,5)
β (yαyβ)
− yαs
5
β...(yα)] + sβsαsβ(yα)s
5
β...(yα)[sβsαsβ(yβ)s
5
β...(yβ) + yαs
4
β...(yβ)
− yαsβsαsβ(yβ)]− sβ(yα)sβsα(yβ)sβsαsβ(yα)s
4
β...(yβ)}
k1β =sβ(yαyβ)sβsαsβ(yα)s
5
β...(yα)[sβsαsβ(yβ)s
5
β...(yβ) + yαs
4
β...(yβ)
− yαsβsαsβ(yβ)] + yαyβ{sβ(yα)sβsα(yβ)sβsαsβ(yα)s
4
β...(yβ)
+ sαsβ(yαyβ)s
4
α...(yαyβ)− sαsβ(yαyβ)s
4
α...(yα)s
5
α...(yβ)}
− yαsβ(yα)sβsα(yβ)sβsαsβ(yα)s
4
β...(yβ)s
5
β...(yα).
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The formulas for the remaining coefficients are obtained by switching α and β in
each coefficient above, respectively, and all formulas are found using the method of
Example 6.3.
Remark 6.5. Let (R,F ) be a formal group law such that the formal inverse of
yα, α ∈ Φ, is (p− yα) for some p ∈ R. Then, by direct computation and using the
method of Example 6.2, we have κ1α = κ
1
β for I2(5), and κ
3
α = κ
3
β , κ
2
α = κ
2
β = 0,
and κ1α = κ
1
β for I2(7).
Remark 6.6. Let I2(m) be a dihedral group for m ≥ 3, and suppose m is odd.
In light of Example 6.2 and Remark 6.5, we conjecture that given a formal group
law (R,F ) such that the formal inverse of yα, α ∈ Φ, is (p − yα) for some p ∈ R,
we have κiα = κ
i
β for i = (m − 2), (m − 4), . . . , 1, and κ
i
α = κ
i
β = 0 for i =
(m− 3), (m− 5), . . . , 2.
7. Appendix
In the present section, we provide some computations of products of up to seven
Demazure elements for arbitrary finite root systems.
Calculation 7.1. Let I2(m) be a dihedral group for m ≥ 3. Below are explicit
formulas for the products of Xα and Xβ up to seven elements. The formulas are
written so that the coefficient to the left of a δ-term in the expansion of the product
appears after the colon.
Xβ
(1− δβ) : yβ
XαXβ
(1− δβ) : yαyβ
(δαβ − δα) : yαsα(yβ)
XβXαXβ
(1− δβ) : yβ{S
(0,1)
β (yαyβ)}
(δαβ − δα) : yαyβsα(yβ)
(δβα − δβαβ) : yβsβ(yα)sβsα(yβ)
X4α...
(1− δβ) : yαyβ{yαyβ + sβ(yαyβ) + sα(yαyβ)}
(δαβ − δα) : yαsα(yβ){S
(0,2)
α (yαyβ)}
(δβα − δβαβ) : yαyβsβ(yα)sβsα(yβ)
(δ4α... − δαβα) : yαsα(yβ)sαsβ(yα)sαsβsα(yβ)
X5β...
(1− δβ) : yβ{[S
(0,1)
β (yαyβ)]
2 + yαyβsα(yαyβ) + sβ(yαyβ)sβsα(yαyβ)}
(δαβ − δα) : yαyβsα(yβ){S
(0,2)
α (yαyβ) + sβ(yαyβ)}
(δβα − δβαβ) : yβsβ(yα)sβsα(yβ){S
(0,3)
β (yαyβ)}
(δ4α... − δαβα) : yαyβsα(yβ)sαsβ(yα)sαsβsα(yβ)
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(δ4β... − δ
5
β...) : yβsβ(yα)sβsα(yβ)sβsαsβ(yα)s
4
β...(yβ)
X6α...
(1− δβ) : yαyβ{[S
(0,1)
β (yαyβ) + sα(yαyβ)]
2 + sβ(yαyβ)sβsα(yαyβ)
+ sα(yαyβ)sαsβ(yαyβ)− sα(yαyβ)sβ(yαyβ)}
(δαβ − δα) : yαsα(yβ){[S
(0,2)
α (yαyβ)]
2 + yαyβsβ(yαyβ)
+ sαsβ(yαyβ)sαsβsα(yαyβ)− yαyβsαsβ(yαyβ)}
(δβα − δβαβ) : yαyβsβ(yα)sβsα(yβ){S
(0,3)
β (yαyβ) + sα(yαyβ)}
(δ4α... − δαβα) : yαsα(yβ)sαsβ(yα)sαsβsα(yβ){S
(0,4)
α (yαyβ)}
(δ4β... − δ
5
β...) : yαyβsβ(yα)sβsα(yβ)sβsαsβ(yα)s
4
β...(yβ)
(δ6α... − δ
5
α...) : yαsα(yβ)sαsβ(yα)sαsβsα(yβ)s
4
α...(yα)s
5
α...(yβ)
X7β...
(1− δβ) : yβ{[S
(0,1)
β (yαyβ)]
3 + 2(yαyβ)
2sα(yαyβ)
+ 2yαyβsα(yαyβ)sβ(yαyβ) + 2yαyβsβ(yαyβ)sβsα(yαyβ)
+ 2[sβ(yαyβ)]
2sβsα(yαyβ) + yαyβ [sα(yαyβ)]
2
+ yαyβsα(yαyβ)sαsβ(yαyβ) + sβ(yαyβ)[sβsα(yαyβ)]
2
+ sβ(yαyβ)sβsα(yαyβ)sβsαsβ(yαyβ)}
(δαβ − δα) : yαyβsα(yβ){[S
(0,2)
α (yαyβ) + sβ(yαyβ)]
2
+ sαsβ(yαyβ)sαsβsα(yαyβ) + sβ(yαyβ)sβsα(yαyβ)− yαyβsαsβ(yαyβ)
− sα(yαyβ)sβ(yαyβ)− sβ(yαyβ)sαsβ(yαyβ)}
(δβα − δβαβ) : yβsβ(yα)sβsα(yβ){[S
(0,3)
β (yαyβ)]
2 + yαyβsα(yαyβ)
+ sβsαsβ(yαyβ)s
4
β...(yαyβ)− yαyβsβsα(yαyβ)− yαyβsβsαsβ(yαyβ)
− sβ(yαyβ)sβsαsβ(yαyβ)}
(δ4α... − δαβα) : yαyβsα(yβ)sαsβ(yα)sαsβsα(yβ){S
(0,4)
α (yαyβ) + sβ(yαyβ)}
(δ4β... − δ
5
β...) : yβsβ(yα)sβsα(yβ)sβsαsβ(yα)s
4
β...(yβ){S
(0,5)
β (yαyβ)}
(δ6α... − δ
5
α...) : yαyβsα(yβ)sαsβ(yα)sαsβsα(yβ)s
4
α...(yα)s
5
α...(yβ)
(δ6β... − δ
7
β...) : yβsβ(yα)sβsα(yβ)sβsαsβ(yα)s
4
β...(yβ)s
5
β...(yα)s
6
β...(yβ).
The products ending in Xα of up to seven elements are obtained from the above
products by switching α and β.
References
[CZZ15] B. Calme`s, K. Zainoulline, and C. Zhong. Equivariant oriented cohomology of flag
varieties. Doc. Math., (Extra vol.: Alexander S. Merkurjev’s sixtieth birthday):113–
144, 2015. arXiv:1409.7111.
[CZZ16] B. Calme`s, K. Zainoulline, and C. Zhong. A coproduct structure on the formal
affine Demazure algebra. Math. Z., 282(3-4):1191–1218, 2016. arXiv:1209.1676.
doi:10.1007/s00209-015-1585-6.
[CZZ18] B. Calme`s, K. Zainoulline, and C. Zhong. Push-pull operators on the formal affine De-
mazure algebra and its dual.Manuscripta Math., pages 1–42, 2018. arXiv:1312.0019.
doi:10.1007/s00229-018-1058-4.
16
[GR13] N. Ganter and A. Ram. Generalized Schubert calculus. J. Ramanujan Math. Soc.,
28A:149–190, 2013. arXiv:1212.5742.
[HMLSZ14] A. Hoffnung, J. Malago´n-Lo´pez, A. Savage, and K. Zainoulline. Formal Hecke algebras
and algebraic oriented cohomology theories. Selecta Math. (N.S.), 20(4):1213–1245,
2014. arXiv:1208.4114. doi:10.1007/s00029-013-0132-8.
[Hum90] J. Humphreys. Reflection groups and Coxeter groups, volume 29 of Cambridge
Studies in Advanced Mathematics. Cambridge University Press, Cambridge, 1990.
doi:10.1017/CBO9780511623646 .
[KK86] B. Kostant and S. Kumar. The nil Hecke ring and cohomology of
G/P for a Kac-Moody group G. Adv. in Math., 62(3):187–237, 1986.
doi:10.1016/0001-8708(86)90101-5.
[KK90] B. Kostant and S. Kumar. T -equivariant K-theory of general-
ized flag varieties. J. Differential Geom., 32(2):549–603, 1990. URL:
http://projecteuclid.org/euclid.jdg/1214445320 .
[LM07] M. Levine and F. Morel. Algebraic cobordism. Springer Monographs in Mathematics.
Springer, Berlin, 2007.
Department of Mathematics and Statistics, University of Ottawa
E-mail address: rgand037@uottawa.ca
